A "nite element model of localized deformation in frictional materials taking a strong discontinuity approach is presented. A rate-independent, non-associated, strain-softening Drucker}Prager plasticity model is formulated in the context of strong discontinuities and implemented along with an enhanced quadrilateral element within the framework of an assumed enhanced strain "nite element method. For simple model problems such as uniform compression, the strong discontinuity approach has been shown to lead to mesh-independent "nite element solutions when localized deformation is present. In this paper, a "nite element analysis of localized deformation occurring in a more complex model problem of slope stability is conducted in a nearly mesh-independent manner. The e!ect of dilatancy on the orientation of slip lines is demonstrated for the slope stability problem.
Introduction
Localized deformation in the form of slip surfaces and shear bands occurs naturally in frictional materials such as soil and rock. As a result, in order for the geotechnical engineer or engineering geologist to make informed analysis and design decisions for geomechanical structures in which localized deformation may develop, slip surfaces and shear bands should be represented numerically by a "nite element model. The usefulness of a "nite element model is realized when analyzing geomechanical structures with complex geometry and material behavior because for such problems an analytical limit equilibrium solution is unwieldy [1, 2] .
There have been numerous experimental studies of the physical phenomenon of localized deformation in frictional materials such as soil and rock by Vardoulakis et al. [3] , Vardoulakis and Goldschieder [4] , Hallbauer et al. [5] , Santarelli and Brown [6] , Wawersik et al. [7] , Ord et al. [8] , Yumlu and Ozbay [9] , and Labuz et al. [10] , to name a few (see Read and Hegemier [11] for a review). Many of these studies have attempted to understand the connection between the microscopic actions (e.g., micro-cracking in brittle rock, mineral particle rolling and sliding in granular soil, and mineral particle rotation and translation in the cement matrix of soft rock) and the macroscopic behavior (e.g., formation of slip surfaces and shear bands and progressive loss of overall material body strength). A number of microscopic-based numerical models of localized deformation in granular materials have been considered to attempt to establish this connection numerically [12}16] . This paper, on the other hand, discusses a macroscopic approach to modeling localized deformation via the "nite element method.
Concurrent with the appearance of localized deformation is the loss of overall strength of the frictional material body. Typically, rate-independent strain-softening plasticity models have been used to represent this overall &softening' behavior in frictional materials like soil and rock [17] . It is well-known, however, that rate-independent strain-softening plasticity models lead to mesh-dependent "nite element solutions because such models do not contain a material length scale needed to de"ne the width of a localized deformation zone and because the associated governing partial di!erential equation is ill-posed [18] . In addition, the mesh alignment of standard "nite elements has been shown to a!ect the simulated localized deformation pattern. Therefore, a more sophisticated numerical tool to represent the formation of slip surfaces and shear bands in frictional materials like soil and rock in a mesh-independent manner is in order.
The phenomenon of localized deformation has been studied as a material instability leading to a bifurcation in solution of the initial boundary value problem [19}23] . These works laid the foundation for determining a localization condition which detects the bifurcation point of solution, a condition used by many numerical modelers to determine when to include enhancements to the "nite element displacement or strain interpolations. In this paper, we use a model which leads to a bifurcated solution. This model will be introduced after a brief discussion of other numerical models which have been developed to simulate localized deformation.
Many attempts have been made to numerically model localized deformation using rate-independent, strain-softening plasticity models, but, in the absence of a material &length scale', adaptive remeshing, or another regularization technique, these attempts typically do not satisfy two necessary criteria for a "nite element solution to be meaningful (i.e., mesh-independent): objectivity with respect to mesh re"nement and insensitivity to mesh alignment. The length-scale approach for modeling localized deformation in a manner independent of element size was considered by Pietruszczak and MroH z [24] , Baz\ ant and Lin [25] , and Oliver [26] , among others. The basic idea of incorporating a material length scale within the constitutive model and/or at the "nite element level is to "x the width of the localized deformation zone since rate-independent plasticity models do not provide this information. Essentially, the introduction of a material length scale precludes a causal a priori-de"ned length scale of the associated mesh-size pathology; this a priori-de"ned length scale takes the form of the "nite element diameter. From a purely numerical perspective, the adaptive remeshing approach for modeling localized deformation was considered by Zienkiewicz and Huang [27] and Zienkiewicz et al. [28] , among others. This approach does not consider local material instability but addresses the phenomenon of localized deformation solely via adaptive mesh strategies. The di$culty with this approach is that one needs to re"ne the mesh to the &"ne scale' of the physical manifestation of localized deformation in order to adequately represent the phenomenon. It would thus be more attractive to incorporate this &"ne scale' into a &coarse scale' like a "nite element mesh through a multiscale approach [29, 30] . The length-scale approach is multiscale but requires the ad hoc introduction of a material length scale and also typically does not sharply capture the orientation of the localized deformation pattern, unless combined with an enhanced "nite element method like that of Ortiz et al. [31] or Belytschko et al. [32] . On the other hand, it has been shown that rate-dependent plasticity models contain an implicit length scale which regularizes the mesh pathology associated with the rate-independent limit [18,33}37] . Here, though, it is of interest to consider the rate-independent case directly. Other models which contain an implicit length scale are the higher-order gradient plasticity models [38, 39] and the micropolar continuum models [40}42] .
A previously developed model which falls under the rubric of &multiscale approach' represents localized deformation as a strong discontinuity (jump in displacement "eld) and is called the strong discontinuity approach in this paper. The strong discontinuity approach referred to in this paper is that developed by Simo and co-workers [43}47] and yields mesh-independent "nite element solutions without introducing a material length scale and without requiring special mesh alignment strategies. There have been other strong discontinuity approaches by Wan et al. [48] , Larsson et al. [49, 50] in the sense that displacement jumps are treated directly rather than smeared into weak discontinuities (jump in strain "eld; see [51] ). The strong discontinuity approach by Simo and co-workers is adopted in this work to formulate a rate-independent, non-associated, strainsoftening Drucker}Prager plasticity model in the context of strong discontinuities and to implement this plasticity model along with an enhanced quadrilateral element within the framework of an assumed enhanced strain "nite element method [52, 53] . The formulation and implementation are carried out for small deformations and rotations, and under drained condition (whereby the e!ect of pore-#uid in#uence is neglected) and quasi-static loading.
The presentation of this paper proceeds as follows: Section 2 establishes the governing equations of quasi-static equilibrium for an isothermal solid with discontinuity; Section 3 de"nes the kinematics of strong discontinuities; Section 4 outlines a standard, general non-associated plasticity model; Section 5 discusses the derivation of a general non-associated plasticity model with strong discontinuity; Section 6 particularizes the results in Section 5 for a Drucker}Prager plasticity model; Section 7 delineates the "nite element implementation; Section 8 presents a numerical simulation of localized deformation in a slope; and Section 9 closes the paper.
Governing equations with discontinuity
Consider a closed body M L1L (n "1, 2, or 3) with smooth (i.e. C) internal discontinuity surface SL1L \ as shown in Fig. 1 . Let x3 denote the location of material particles x in .
The local (strong) form of the quasi-static, isothermal equilibrium equations may be expressed as follows [54] : Given b : P1L , t : * R P1L , and u :
> is the time interval of interest) such that e ) #b"0 in ,
where is the Cauchy stress, b is the prescribed body force, is the unit normal to * R , n is the unit normal to S, t is the prescribed traction, u is the prescribed displacement, and 'z( denotes the jump of a quantity across S (i.e. ' (" >! ! ). Refer to Malvern [55, p. 242 ] for a brief discussion of discontinuity surfaces and their e!ect on the variational form of equilibrium.
The variational (weak) form of the quasi-static equilibrium equations, using the strong form as a point of departure (or vice versa), may be expressed as follows [54] : Given b : P1L , t : * R P1L , and u : * S P1L , "nd u3U such that for all 3V,
where is the weighting function. The space of admissible weighting functions is
and the space of admissible trial solutions is de"ned as
Notice that in Eq. (2) traction continuity across the discontinuity surface S is required for equilibrium to be satis"ed.
Kinematics of strong discontinuities
It was proven for rate-independent, in"nitesimal, perfect plasticity that discontinuous displacement "elds are admissible solutions to the boundary value problem and are contained within the bounded deformation (BD) space (see [56}59] ). The in"nitesimal strains are singular distributions, which are contained within the space of bounded measures because the integral of the Dirac-delta function is a "nite measurable quantity. A localization condition is formulated in Section 5.4 which detects the inception of such discontinuous displacements.
De"ne the discontinuous displacement "eld as follows:
where 'u("u>!u\" m is the jump in displacement across the discontinuity surface S and is assumed independent of x, is the jump magnitude, m is the unit vector designating the jump direction, and H S (x) is the Heaviside function de"ned as
It is possible for 'u( to vary along the discontinuity S, but here it is considered constant with respect to x. Taking the symmetric gradient of the displacement "eld in (5) and treating the Dirac-delta function as a distribution, the small strain tensor results [43] :
where n is the unit normal to the discontinuity surface S pointing into > (see Fig. 1 ), and S is the Dirac-delta function on S. Essentially, eH S "n S . It is important that the Dirac-delta function be treated in the distributional framework [60] throughout the formulation of a plasticity model with strong discontinuity.
Standard non-associated plasticity
Here, a standard non-associated plasticity model is formulated for small deformations and rotations. Refer to Simo and Hughes [61] for a detailed discussion of the formulation and numerical implementation of plasticity models.
Consider a convex elastic domain $ de"ned by a smooth (i.e. C continuous) yield surface : 2;1KP1 in the Cauchy stress space :
where [0, ¹] is the time increment of interest, 2 is the space of symmetric second-order tensors, and : ;[0, ¹]P1K is the stress-like vector of plastic internal variables of dimension m characterizing the hardening response of the material. The constitutive equation is expressed in terms of a stored energy density function ( , ) : 2;1KP1, where : P2 is the elastic part of the in"nitesimal strain tensor, and : ;[0, ¹]P1K is the strain-like vector of plastic internal variables, which is (energy) conjugate to . The constitutive equations are then de"ned via consideration of the "rst and second laws of thermodynamics in the manner of Lubliner [62] as
For the linearized theory the strain tensor is additively decomposed into elastic and plastic parts:
The plastic strain rate : ;[0, ¹]P2 is de"ned via the #ow rule as
where : ;[0, ¹]P1 is the plastic consistency parameter, and ( , ) : 2;1KP1 is the plastic potential function, which is not necessarily equal to ( , ). Associative plasticity results if * "* and associative hardening if * "* . As mentioned previously, for frictional materials like soil and rock, plasticity models are non-associative because the dilation angle is experimentally observed to be less than the friction angle, making * O* . Non-associated plasticity models violate Drucker's stability postulate [63] , but make physical sense with respect to a calculation of dissipation for a cohesionless, perfectly plastic material [64] . The evolution equations for and are de"ned as
The classical Kuhn}Tucker complementary conditions for loading and unloading apply:
as well as the consistency condition
Recall the constitutive equations from (9) and express them in rate form as
where
are the symmetric Hessian tensors of ( , ) evaluated with respect to and , respectively. The fourth-order tensor C is the tangential elastic modulus tensor, and the second-order tensor H is the tangential plastic modulus matrix. From the consistency condition, the plastic consistency parameter is solved as
The continuum elastic}plastic tangent modulus tensor may then be derived as
With the standard, non-associated plasticity model in place, the formulation of this plasticity model in the context of strong discontinuituies will proceed.
Non-associated plasticity with strong discontinuity
In this section, plastic dissipation, a stress-displacement relation, and a localization condition will be formulated for a general, non-associated plasticity model with strong discontinuity for small deformations and rotations. In the next section the model will be specialized for a Drucker}Prager plasticity model.
Localized plastic yow
For hardening, associative plasticity (H'0 from (18)) is regular, and the setting for standard plasticity holds. For softening or perfect associative plasticity (H)0), however, it is possible for displacements to be discontinuous and for to be singular; note that * although not rigorously proven in the manner of [56] * discontinuous displacements may be detected via the localization condition for non-associative hardening plasticity. When discontinuous displacements are present within a material body (detected via the localization condition in Eq. (37)), the strains are singular at the discontinuity S, plastic #ow is localized to the discontinuity S [43] , and the plastic consistency parameter is a singular distribution
Eq. (20) states that all further irrecoverable deformation occurs along the discontinuity S as the body outside the discontinuity unloads elastically. Eq. (20) is the key to a formulation of non-associated plasticity with strong discontinuity.
Plastic dissipation
A derivation of plastic dissipation with strong discontinuity yields an important quality of the strong discontinuity model.
Recall the de"nition of plastic dissipation resulting from the second law of thermodynamics in the form of the Clausius}Duhem inequality for an isothermal solid [62, 65] :
The rate of dissipation then becomes
since " B S . The rate of dissipation is a density quantity, and, as a result, the total rate of dissipation over a region is calculated as
Notice that the total rate of dissipation is calculated over a set of zero measure, the discontinuity surface S. The stress-like vector of plastic internal variables is a regular function along with the stress tensor . As a result, a calculation of dissipation in Eq. (22) is valid (i.e., no squares of Dirac-delta functions). A key implication on the softening modulus matrix also results. From Eqs. (15) and (20), may be written as
A signi"cant observation made in Simo et al. [43] states that since is regular, the inverse of the softening modulus matrix must itself be a singular distribution
which states that softening is localized to the discontinuity S. As a result of Eq. (25), the following form results for the regular stress-like vector of plastic internal variables:
Thus, as a result of " B S , the evolution of the internal variables is localized to the discontinuity S. This result of the strong discontinuity approach could be viewed as a rather &strong' approximation for some materials (i.e. those which exhibit shear bands of "nite width), in the sense that irrecoverable deformation is most likely not completely localized to a surface (except possibly for brittle rock, in which a clear rupture surface is present [7] ).
A "nite element model which draws its constitutive behavior from a plasticity model with strong discontinuity will calculate mesh-independent dissipation because the total rate of dissipation is calculated over a set of zero measure and not over any a priori-de"ned "nite element diameter.
Consistency condition and stress}displacement relation
From the previous discussion on plastic dissipation, note that and are regular distributions in order for a calculation of plastic dissipation to be possible, which also implies that the consistency condition Q "0 is satis"ed pointwise (i.e. contains no singularities). Employing the chain rule, the consistency condition is
Substituting the regular expressions for (i.e., "C : eQu ) and into Eq. (27) , B is solved as
where H B "* ) H B ) * . An equivalent expression for B may be found from the requirement that all singularities drop out of the consistency condition:
where 'u (" Q m. Equating (28) and (29) gives a general expression for the magnitude of the jump displacement rate:
Eq. (30) may be simpli"ed using results from the localization condition.
Localization condition
Here, a condition which detects the presence of discontinuous displacements is derived and called the localization condition. Eq. (2) showed that for equilibrium to be satis"ed, the traction must be continuous across the discontinuity surface S:
This condition that the traction must be continuous across the discontinuity surface S requires that the traction rate be regular. Write the traction rate as follows:
is the regular part, and
is the singular part (using B from Eq. (29)), with
representing the elastic perfectly plastic tangent modulus tensor. For the traction rate to be regular
which leads to the localization condition
where A is the second-order elastic perfectly plastic acoustic tensor. The localization condition requires that m lies in the nullspace of A, and likewise that mn lies in the nullspace of C . It is seen that [53] (mn)Q" *
where " B / Q ; for this analysis can be any real number. It is straightforward to show that * lies in the nullspace of C : Note that C is the elastic perfectly plastic tangent modulus tensor, and thus a derivation of a critical hardening modulus H similar to that derived by Rudnicki and Rice [66] is not possible. Note that the nullspace of the consistent elastic perfectly plastic tangent modulus tensor C L> [67] is the same as that of its continuum counterpart C [53] . Also note that the trace of Eq. (38) leads to an expression for the angle made by the jump rate vector 'u (" Q m and the tangent to the slip line S (see Fig. 2 ), called the jump dilation angle : sin :
"m ) n" tr(* ).
Eq. (40) will be used to determine the orientation of m when the plastic potential function is speci"ed for a particular plasticity model; this will be done for a Drucker}Prager plasticity model. Thus, another way of writing Eq. (30) for Q , using Eq. (28) for B and Eq. (40) to "nd Q , is as follows:
Eq. (41) will be used to derive the stress}displacement relation for a Drucker}Prager plasticity model.
Drucker}Prager plasticity with strong discontinuity
The formulation of the preceding section is now specialized for a non-associated Drucker}Prager plasticity model. Such a model is appropriate for modeling the constitutive behavior of frictional materials like soil and rock. First, the standard Drucker}Prager plasticity model is described.
Standard Drucker}Prager plasticity model
A quadratic stored energy function ( , ), which results in linear elasticity and linear hardening, is de"ned as ( , ) :
where c and H are constant modulus tensors. Note that ( , ) could be de"ned such that nonlinear elasticity and/or hardening would result. The fourth-order tensor c is the isotropic elastic tangent modulus tensor de"ned as
where K M " M # is the elastic bulk modulus, M and are the LameH parameters, (1) GH " GH is the Kronecker delta, and (I) GHIJ "( GI HJ # GJ HI )/2 is the fourth-order identity tensor. Let the strain-like vector of plastic internal variables : ;[0, ¹]P1 have a volumetric component and deviatoric component:
and
The hardening/softening modulus matrix H is de"ned as
where K and H are the bulk and shear hardening/softening moduli, respectively. The stress-like vector of plastic internal variables is de"ned as
A Drucker}Prager yield function [68] takes the form
with derivatives
and :
where #s#"(s GH s GH . Note that for the continuum mechanics convention used throughout this paper, compression implies p(0. The material constants and may be de"ned in terms of the cohesion c and friction angle M used to describe a Mohr}Coulomb material [69] 
The value A"!1 coincides with a cone that circumscribes the Mohr}Coulomb envelope * passing through its outer apexes * in three-dimensional stress space, and A"1 coincides with a cone that passes through the inner apexes of the Mohr}Coulomb envelope. Because of the form of in (52), standard bulk and shear hardening/softening through and cause the size of the yield cone to change, and not its shape. Incorporating additional hardening/softening through would allow frictional hardening/softening which is appropriate for modeling a cohesionless granular material like sand, and thus the change of slope of the yield cone would be possible.
A plastic potential function ( , ) is de"ned similar to the yield function ( , ) [70] as
where b is the material dilation constant. Notice that associated plasticity results if "b, but typically for soil and rock this is not the case. Usually, 'b with b'0 for a dilatant material and b(0 for a contractant material. By setting "b"0, the J2 #ow (von Mises) plasticity model is recovered, which is useful for modeling the undrained condition in a cohesive soil.
With the plastic potential function ( , ) de"ned in (54), the evolution of then becomes
Note that b takes the form
which is analogous to the dilatancy factor used by Rudnicki and Rice [66] and Rudnicki [71] .
Drucker}Prager plasticity model with strong discontinuity
Here, the standard non-associated Drucker}Prager plasticity model presented in the previous section is placed within the framework of Section 5. In particular, the two model-speci"c features which need to be derived are the localization condition and stress}displacement relation.
Recall the localization condition, which detects the presence of discontinuous displacements
where for Drucker}Prager plasticity the elastic}perfectly plastic tangent modulus tensor is
where "3( # bK M ). Note that C is the same as the continuum elastic}plastic tangent modulus tensor c if H from (18) is added to in (59), where H"3bK#H. The corresponding elastic}perfectly plastic acoustic tensor is
where N"n( ) n"n ) n( . Note that neither C nor A has major symmetry unless "b.
The localization condition A ) m"0 naturally yields the following form of the localization condition:
which may be viewed as a loss of strong ellipticity of C [72] . Recall (38) , which for Drucker}Prager plasticity yields
and m ) n" (3b.
Expand m ) A ) m"0 as
Substituting Eqs. (62) and (63) into Eq. (64) yields a solution for : Recall that " B / Q where B '0, Q '0. Thus, the solution of interest is
As a result of Eq. (66), the jump dilation angle may be determined from the following equation:
where b is determined from Eq. (57). Consider a plane strain stress condition to calculate the localization condition and slip line orientation. Without loss of generality, the analysis is carried out in the principal stress space, where is the minor principal stress (major compressive principal stress), is the major principal stress, and is the intermediate principal stress, such that 0* * * and " ")" ")" "; refer to the Mohr circles in Fig. 3 (this ordering corresponds to a plane strain stress condition in terms of aligning the principal stresses with the coordinate axes, but is still general). Refer to 
Recall from Eq. (62) the expression for the symmetric tensor product of m and n, written now explicitly as cos cos cos sin 0 !sin cos !sin sin 0
For (mn)Q to diagonalize, the following must hold cos sin !sin cos "sin( ! )"0 (70)
which implies
where the$comes from Fig. 2 . Thus, (72) is the orientation of the normal to the slip line with respect to the major principal stress axis (see Fig. 2 ). This result has also been reached by Roscoe ([73] , p. 166) and Atkinson ([74] , p. 217) and refuted by Vardoulakis et al. [3] . For deviatoric plastic #ow, b"0N "0, and the orientation "453 is recovered. To obtain a condition on the stress state at which localization is detected, take the di!erence between the (1,1) and (2,2) components of (69), which yields cos cos #sin sin "
where cos cos #sin sin "cos #sin "1.
Thus, the localization condition may be expressed in terms of a deviator stress ratio h de"ned as
where r"(s !s )/2"( ! )/2. A straightforward analysis determines the range of h as [53]
which de"nes the range of the deviator stress ratio h in the localization condition (75) . The stress}displacement relation governs the evolution of plastic softening localized to the discontinuity S. Upon the detection of discontinuous displacement "elds via the localization condition, the plastic #ow is localized to the discontinuity via " B S ; likewise, softening is localized to the discontinuity via H\"H\ B S . Thus, the stress}displacement relation becomes the constitutive equation for post-localization plasticity. The standard plasticity equations no longer apply, except to provide the framework in which the strong discontinuity is incorporated to produce the bifurcated solution.
Recall the general form for the stress displacement relation from (41):
and "(3!b)\. The rate form of the stress}displacement relation is then found to be [53] q # (3
where q : "m ) s ) n. Integrate (79) to yield the resolved stress at time instant t, Q(t), as
where t"0 corresponds to the onset of localization and (0)"0 (i.e., there is no jump displacement yet developed at the instant of localization).
Finite element implementation
The assumed enhanced strain (AES) method [75] is a logical choice as a variational framework for implementing the strong discontinuity approach because it satis"es the two conditions necessary and su$cient for convergence when an enhanced strain "eld is introduced: (1) stability, and (2) consistency (i.e. the patch test); these two conditions will be described later.
Variational form of AES method
The AES method for the linearized theory stems from an additive decomposition of the in"nitesimal strain tensor into compatible and enhanced parts:
where the enhanced strain "eld may be derived from incompatible displacement "elds across element sides. Introducing the newly de"ned strain "eld (81) into an energy functional and applying the stationary condition ( "0) yields the modi"ed three-"eld variational form [75] :
:
Because of the orthogonality condition on the stress and enhanced strain spaces in (83), the stress "eld is eliminated from the variational equations and (84) drops out. Since the purpose of the enhanced strain "eld is to &enhance' the compatible strain "eld, it makes sense that their spaces have null intersection:
where the space for the compatible strains is E"+ : P2; "eQu,
and the space for the enhanced strains is
It has been shown for the discrete problem that (85) leads to stability of the AES method [75] . For the patch test to be satis"ed * as revisited in Taylor et al. [76] * piecewise constant stress functions must be admissible. This condition will directly a!ect the choice of the discrete enhanced strain variation F. Rewrite (83) as
because the spaces are orthogonal. Thus, piecewise constant stress functions will require
which will be described in particular for singular enhanced strains. 
Reparameterization of the displacement xeld
The need for a reparameterized displacement "eld was recognized by Simo et al. [43] for the 1D problem. The motivation stems from the fact that the nodal displacements are the total displacements and thus already contain the e!ect of the displacement jump within the element. The idea then is to con"ne the enhancement within the element boundaries. The resulting reparameterization for the general three-dimensional problem is as follows:
The Thus, the construction of M S (x) is as follows:
Recall that the unit normal n to the discontinuity S points into F > . For the two-dimensional problem, it is possible to formulate these functions M S for the two slip line cases for a quadrilateral element as shown in Fig. 4 . The functions which result via the above construction are shown in Fig. 5 . The function f F for slip line type 1 in Fig. 5 is the shape function at that node (node 4 in Fig. 5 ), and f F for type 2 is the sum of the shape functions at nodes and 4.
With the displacement "eld now reparameterized and the variational form of the AES method in place, it is possible to proceed with formulating the nonlinear matrix "nite element equations. A thorough analysis of the weak form with strong discontinuity has been presented by Simo and Oliver [44] .
Variational equations
is the number of elements, and n is the number of localized elements which is not a priori known. The resulting discretized weak form results as follows [44] :
where " u and " .
The rest of this presentation will concentrate on the formulation for an element e with strong discontinuity. Recall the reparameterized displacement "eld written for element e as
where now
with f F C de"ned in Fig. 5 . Thus, the strain and strain variations become
Recall that the choice of F C is made such that (93) is satis"ed for piecewise constant stress "elds F , or
Eq. (100) may be written independently of other localized elements because the enhanced strains are discontinuous between elements (which is also a property of the standard C "nite element theory, that strains are typically discontinuous between elements; the C theory, however, requires continuous displacements, which is not a requirement of the functions M S which motivate the enhanced strains used in the AES method). Considering (100), choose F C to have the following form [45] :
where l S C is the length of the slip line within element e, and A C is the area of element e. Thus, satisfaction of the patch test is ensured.
Matrix xnite element equations
The standard "nite element interpolations in isoparametric coordinates are as follows:
where n is the number of nodes of an element e, N( ) is the shape function at node A, and d C and c C are the displacement vector and displacement variation vector, respectively, at node A. It is convenient to write the expressions in (102) in the following matrix form:
where N C ( ) is the element shape function matrix, and d C and c C are the displacement vector and displacement variation vector, respectively, for element e. Taking the symmetric gradient of the expressions in (103) yields
where B C ( ) is the element strain}displacement matrix. Likewise, write F C and F C in matrix form as
where [z] denotes matrix form of the tensor. Substituting the matrix expressions for F C from (103), eQ F C from Eq. (104), and F C from Eq. (106) into Eq. (93), and assuming arbitrary values of c C and F C , the nonlinear "nite element equations expressed in residual form result as
where r C is the standard residual for equilibrium within an element e, b C is the residual expressing equilibrium along the discontinuity S C , F is in vector form, and n C ) m C "(3b/(3!b. Note that Eq. (107) imposes the following conditions:
for the resolved stress values along the discontinuity S C . Consider (107) more closely, and recall the integrated form of the stress}displacement relation from (80):
where the subscript (z)
designates the resolved stress value at onset of localization. Rewrite Eq. (110) for qF S C as
Substituting (111) into (107) and using (109) yields
and +1, is the vector form of 1. Thus, when linearizing the residual b C , this new form in Eq. (112) must be used.
Recall that the stress F is regular, but with a reparameterization of the displacement "eld in Eq. (94), the stress rate becomes
where D is the matrix form of c and F C "eQu F C . For subsequent derivations, the discretization #ag h is left o! for certain terms for ease of presentation. Integrating Eq. (114) yields
, and n#1 is the current time step. Integrating the stress}displacement relation in Eq. (79) yields
where H B (0, and H B is constant for linear softening along the discontinuity. Note that if one were to change the sign convention from continuum mechanics convention ( '0 and '0 in tension for 1D) to soil mechanics convention ( '0 and '0 in compression), Eq. (116) would still be valid taking account of the appropriate change in sign before the pressure term in the yield function in Eq. (49) . Thus, the stress update for a localized element e is fully de"ned by Eq. (115) and (116).
Linearization of the (in general) nonlinear "nite element equations in Eq. (107) for solution by the Newton}Raphson method (refer to Simo and Hughes [61] ) yields
and k#1 is the current iteration. Since the strain due to the jump displacement is treated as an enhanced strain (see (98)), the jump displacement C may be assumed discontinuous between elements and thus may be condensed out of the equations at the element level to form the reduced system
From (115) and (113) it is possible to derive the tangential moduli tensors as
where D and D K are the matrix forms of c and c( , respectively:
For plastic loading,
else for elastic unloading,
The stress integration algorithm along the discontinuity in a localized element with linear softening is summarized as follows:
1. Compute the trial state by freezing localized plastic #ow (i.e. use CL ) and incrementing the total strain:
2. Check for yielding along the discontinuity S C , and if yielding is detected, update stress: 
Numerical implementation of localization condition
The numerical implementation of the localization condition in (75) , which is checked at each Gauss point, is as follows:
)h at a Gauss point, THEN the element has localized (125)
where h"1;10\ unless otherwise noted.
Numerical example: slope stability problem
A slope stability problem is now presented to demonstrate the ability of the model to represent localized deformation in a classic geotechnical structure, an embankment (or slope), in a nearly mesh-independent manner. For simple model problems such as uniform compression, the strong discontinuity approach has been shown to lead to mesh-independent "nite element solutions when localized deformation is present [77, 78] .
Material parameters are shown in Table 1 for three cases: associative deviatoric plastic #ow (J2 #ow, or von Mises plasticity), non-associative deviatoric plastic #ow, and non-associative dilative plastic #ow. A gravity load is "rst applied, the displacements are reset to zero, and a downward displacement is prescribed at the middle of a rigid footing resting at the crest of the slope. The downward displacement may represent the settlement due to a structure placed at the crest of the slope. It is desirable to run a strain-driven problem like this one because otherwise an arc-length method would be needed to advance the solution into and within the softening regime. The dimensions and boundary conditions of the problem are designated in Fig. 6 . This is a "ctitious example and not an attempt to model the behavior of an actual soil embankment, although the material parameters are chosen to approximately represent those of a soil. Two meshes with 400 and 1600 linear quadrilateral elements are used to analyze the problem. Fig. 7 shows deformed meshes at end of loading for the standard and enhanced solutions for associative, deviatoric plastic #ow. The scale factor for displacements of deformed meshes is 1.0. Note the di!use deformation patterns for the standard solutions and the sharp localized deformation for the enhanced solutions. Shaded elements are those through which the slip line has traced. Insensitivity to mesh alignment is demonstrated by the slip line tracing across elements without element sides being aligned with the slip line orientation and by slip lines having the same orientation for the 400 and 1600 element meshes. The slip line initiates in the element just to the right of the rigid footing corresponding with the load at which the standard and enhanced solution curves begin to deviate from one another as seen in Figs. 8, 10 , and 12. The load at which the enhanced solution curve begins to soften corresponds with the load at which the slip line has fully propagated through the mesh.
Load}displacement plots for associative, deviatoric plastic #ow are shown in Fig. 8 . The B M -method [79] is used to address potential mesh-locking due to incompressible plastic #ow for small deformations and rotations. Similar slopes of the enhanced solution curves demonstrate near-objectivity with respect to mesh re"nement. The standard solution curves demonstrate the well-known mesh dependence for perfect plasticity. Associative, deviatoric plastic #ow may be used to simulate the behavior of a saturated cohesive soil in undrained condition (i.e. incompressible for immediate loading). Fig. 9 shows deformed meshes at end of loading for the standard and enhanced solutions for non-associative, deviatoric plastic #ow. The B M -method is used to address potential mesh-locking due to incompressible plastic #ow for small deformations and rotations. Again, note the di!use deformation patterns for the standard solutions and the sharp localized deformation for the enhanced solutions. Load}displacement plots for non-associative, deviatoric plastic #ow are shown in Fig. 10 . Similar slopes of the enhanced solution curves demonstrate near-objectivity with respect to mesh re"nement. The standard solution curves demonstrate the well-known mesh dependence for perfect plasticity. Fig . 11 shows deformed meshes at the end of loading for the standard and enhanced solutions for non-associative, dilative plastic #ow. Standard 2;2 numerical integration is used. Again, note the di!use deformation patterns for the standard solutions and the sharp localized deformation for the enhanced solutions. Also note the di!erent slip-line curvatures in Figs. 9 and 11. The slip lines in Fig. 11 have a larger radius of curvature than the slip lines in Fig. 9 . This is due to the di!erent dilation constants used in each case. Load-displacement plots for non-associative, dilative plastic #ow are shown in Fig. 12 . Similar slopes of the enhanced solution curves demonstrate nearobjectivity with respect to mesh re"nement. The standard solution curves demonstrate the well-known mesh dependence for perfect plasticity.
Closure
In summary, a rate-independent, non-associated, strain-softening Drucker}Prager plasticity model has been formulated in the context of strong discontinuities and implemented along with an enhanced quadrilateral element within the framework of an assumed enhanced strain "nite element method. A "nite element analysis of localized deformation occurring in a model problem of slope stability has been conducted in a nearly mesh-independent manner. The e!ect of dilatancy on the orientation of slip lines has been demonstrated for the slope stability problem.
In conclusion, it is important to capture the structural phenomenon of localized deformation and the associated loss of overall material body strength as accurately as possible via a "nite element model but to do so in a mesh-independent manner. The strong discontinuity approach provides the framework to satisfy both of these modeling requirements and does so without special treatments such as a material length scale or adaptive remeshing strategy. Future work includes extending the model for three-dimensional analysis and incorporating the #uid phase and nonlinear geometric e!ects to be able to model the behavior of realistic, in situ geomechanical structures which are susceptible to developing localized deformation.
